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MEAN CONVERGENCE OF LAGRANGE INTERPOLATION. 11
BY
PAUL NEVAI'

ABSTRACT. Necessary and sufficient conditions are found for weighted mean conver-
gence of Lagrange and quasi-Lagrange interpolation based at the zeros of gener-
alized Jacobi polynomials.

1. Introduction. Although the problem of finding necessary and sufficient condi-
tions for weighted mean convergence of Lagrange interpolation based at the zeros of
orthogonal polynomials was formulated over forty years ago by P. Erdés and P.
Turan, nevertheless no significant progress was achieved until 1970 when R. Askey
[1 and 2] partially solved the case of interpolating at zeros of Jacobi polynomials.
Askey’s approach was based on an idea dating back to J. Marcinkiewicz which
consists of reducing the problem of mean convergence of Lagrange interpolation to
that of orthogonal Fourier series. In order to accomplish this task certain quadrature
sums had to be estimated in terms of integrals. This was successfully carried out by
Askey for certain Jacobi weights. By proposing another approach to estimating
quadrature sums and by refining Askey’s techniques, I managed to improve Askey’s
results in [14] where I found sufficient conditions for weighted L” (0 < p < o0)
convergence of Lagrange interpolation based at the zeros of slightly generalized
Jacobi polynomials. By solving Turan’s problem in [13, p. 180] I showed that for
0 < p < oo the conditions given in [14] are necessary as well. The only limitation of
the Fourier series method is that it requires the knowledge of convergence of Fourier
series in the same weighted L? space where the convergence of Lagrange interpola-
tion is considered. Since at the present time nothing is known about convergence of
orthogonal Fourier series in L” spaces with arbitrary weights, one is forced to look
for other approaches when considering convergence of Lagrange interpolation in L?”
spaces with general weights. It is demonstrated in this paper that by realizing that, in
fact, Lagrange interpolation can be looked at as a mapping from bounded functions
into the weighted L7 space rather than as a mapping from L” into L”, one can
directly estimate L” norms without referring to Fourier series. Quadrature sums still
need to be handled in a proper way, but that technique was worked out in [13]. In
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670 PAUL NEVAI

this paper we set the goal of finding necessary and sufficient conditions for
convergence of Lagrange interpolation based at the zeros of generalized Jacobi
polynomials in L? spaces with general weights. In fact, we are going to consider
quasi-Lagrange interpolating polynomials which have a property that they inter-
polate not just at the zeros of orthogonal polynomials but also possibly at two more
exceptional points and, at these exceptional points, their derivatives vanish at a
prescribed rate. It turns out that although by doing so we might ruin convergence
when ordinary Lagrange interpolation does converge, nevertheless these quasi-
Lagrange interpolation polynomials will converge when ordinary Lagrange interpo-
lation does not. This phenomenon is described in Theorem 6 which is the main result
of this paper. In case the reader is interested in the history of the problem of mean
convergence of Lagrange interpolation, we suggest [1, 14 and 15] as references. An
application of the results of this paper to weighted mean convergence of Hermite-
Fejér interpolation is given in [16].

2. Notations, auxiliary results and the Lemma.

General notations. N is the set of positive integers. The symbol “const” stands for
some positive constant taking a different value each time it is used. It will always be
clear what variables and indices the constants are independent of. If 4 and B are two
expressions depending on some variables then we write

A~B if|AB™'|<const and |A 'B|< const

uniformly for the variables in consideration. The characteristic function of a set A is
denoted by 1,. For the sake of brevity we will frequently omit unnecessary
parameters. For example, if we have an expression x, ,(w) and w does not vary in a
given context, then we will write x,,, instead of x,,(w), or [f will stand for [f(x) dx.
The integer part of a number c is denoted by [c].

Spaces of functions. We define L?, (Llog* L)? and C in the usual way. Unless
otherwise specified, all these spaces are spaces of real-valued functions with domain
in [-1,1]. For the sake of convenience we retain the notation || - ||, even when
0<p<1Thuseg f€ (Llog* L)? (0 <p < o) if and only if

+ ! + p 177
I 718" f1ll, =| [ (1) log™ 1A() ) dr| < 0.
Hilbert transforms. For f € L' in [-1, 1] the Hilbert transform H( /) is defined by

H(f,x) = lim %dt.

e—0 Ix—t]=¢ X

We are going to use two properties of the Hilbert transform, namely, that H is a
bounded operator in L? for 1 < p < oo (M. Riesz) and

[H(1)g=-[fH(g)

whenever f € L” andg € L9, p~' + q~' = 1. (See [4, pp. 1059-1060].)
Orthogonal polynomials. If w is a nonnegative L' function supported in [-1, 1] such
that ||w||, > 0, then the corresponding system of orthogonal polynomials is denoted
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by { p,(w)}3. Hence
p.(w, x) = y,(w)x" + lower degree terms, v,(w) >0,

and
[ W) 2nw)w = 8,

The zeros of p,(w) are denoted by x,,(w) and they are ordered so that
Xl"(X) >x2n(x)> >xnn(w)‘

The reproducing kernel K, (w) is defined by

n—1

K"(W, X, t) = 2 pk(w’ x)pk(w’ I)

k=0
which by the Christoffel-Darboux formula [18, p. 43] is equivalent to
Ya—1(W) Pu(w, X)py (W, 1) = P y(w, X) P, (W, 1)

(W) x—t '
The Christoffel function A ,(w) is defined by A (w, x) = K,(w, x, x)™'. The numbers
An(w) = A (w, x,,(w)), 1<k<n,

are the Cotes numbers and they appear in the Gauss-Jacobi quadrature formula [18,
p. 47]

K.(w,x,t)=

lélR(xkn(W)))‘kn(W) :[l‘RW

which is valid for every polynomial R of degree less than 2n. Since

Yn—l(w) e
—_—= tp,_(w,t)p,(w, t)w(t)dt
oy = )P o O, (e ()
and w is supported in [-1, 1] we have
(1) Yn—l(w)/Yn(w) <1
forn € N.

Lagrange interpolation. For a given weight w and bounded function f the corre-
sponding Lagrange interpolating polynomial is denoted by L,(w, f). Thus

L"(W, f’ xkn(w)) :f(xkn(w))’ 1 < k’< n’ n e N’

and we can write

© Li(w. f) = élf(xmw))zk,,(w)

where the fundamental polynomials /,,(w) are defined by

Pa(w, x)
pr/z(w’ xkn(w))(x - xkn(w)) ’

lkn(w’ x) =
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Another expression for /,,(w) is

‘Yn‘l(w) p"(W, X)
3 La(w, x) = ———"A —
( ) k ( ) Y"(W) x — Xk"(W)

(see [18, p. 48]). If w is supported in [-1, 1] then all the zeros x,,(w) of p,(w) belong
to (-1,1) [18, p. 44] so that (2) does make sense even if f is only bounded on every
closed subinterval of (-1, 1) but not on [-1, 1]. We will need the identity [7, p. 25]

}\n(w’ x)_l = 2 Akn(w)_llkn(w* x)z‘
k=1

kn(w)pn‘ |(W, xkn( W))

Quasi-Lagrange interpolation. Let w be a weight function with support in [-1, 1]
and let r and s be nonnegative integers. If f is a bounded function in [-1, 1] then the
quasi-Lagrange interpolating polynomial L{*)(w, f) is the unique polynomial of
degree at most n + r + s — 1 which satisfies

(4) LI(w, £y xia(w) = f(xia(w)),  Osk<n+1,
where x,,(w) = 1 and x,, | (w) = -1,

Ly(w, f,1)" =0, 1<i<r—1,
and

Ly(w, f,-D)"=0, 1<i<s—1

If either r or s equals 0 then k =0 or kK = n + 1, respectively, is omitted in (4).
Naturally, L{~*)(w, f) is a Hermite interpolating polynomial, and it can explicitly be

represented in the form
n+1

(5) Ly )= 3 fri(0)hao()
where

(6)  Apu(w,x) = (1= x)"(1+x)" (1= x,(w) (1 + x,(w)) " LW, x)
forl <k <n,

_ o wxr-l_llé'm Ly
(7)) hou(w, x) = (1+x) p,(w, )EO( 1) ”[pn(w,t)(l-f-t)s_ ,=|(1 )
and
B , s—1 1 1 H .
(8) hyiyp(w,x)=(1—x) Pn(W,X)EOﬁ[m} ,=-1(1 + x)".

For r = s = 1 these polynomials have been investigated in [8, 10, 19 and 20].
Jacobi weights. The function v is called a Jacobi weight function if v can be
written in the form

(9) o(x) = (1-x)°(1 +x)"
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for -1 < x < 1 and v(x) = 0 for | x|> 1. In this paper we do not necessarily assume
that v is integrable. The function v is a rational Jacobi weight if ¢ and b in (9) are
integers.

Generalized Jacobi polynomials. Let w be a nonnegative integrable function defined
in [-1, 1]. We say that w is a generalized Jacobi weight function (w € GJ) if w can
be written in form

(10) w(x)=¢(x)1—x)" I 12, — x[" (1 + x)"™

k=1
for-1s<x<lwhere-1<¢,<¢, [ <---<yH <L, >-1(k=0,1,....m+1)
and y=' € L* in [-1, 1]. If, in addition, ¢ in (10) is continuous and the modulus of
continuity w of ¥ satisfies

Tw(t
f—)dt<oo,
o !

then we say that w is a generalized smooth Jacobi weight (w € GSJ). Orthogonal
polynomials corresponding to generalized Jacobi weights are called generalized
Jacobi polynomials. Such polynomials and their characteristics have extensively been
studied by Badkov [3] and myself [13]. For the convenience of the reader, we provide
a collection of properties of generalized Jacobi polynomials which will be applied
when investigating mean convergence of Lagrange interpolation.

(a) Let w € GJ and set x,,(w)=cosl,, for 0<k<n+1 where x,, =1,
X, =-1and 0 <6, <II. Then

(11) 0k+l,n_0k,n~1/n

uniformly for 0 < k < n, n € N. (See [13, Theorem 9.22, p. 166].)
(b) Let w € GJ and let w be given by (10). Define w, by

(12) mx)=[(T=x+ 1) i B G
wi(x)=yl —x +—= Il —x1+= yl+x+—)
n Pt n n
Then
1
(13) Aw, x) ~ W, (x)

uniformly for -1 < x <1 and n € N (see [13, Theorem 6.3.28, p. 120]), in particu-
lar,

(14)
T

M) =3 (1= 5,00 2 {1ty 0 (077

uniformly for 1 < k < n, n € N. (Formula (14) follows from (11) and (13).)
(c) If w € GSJ is given by (10) and w, is defined by (12) then

(15) |p,(w, x)|< const W,,(x)"/2
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uniformly for -1 < x < 1 and n € N (see [3, Theorem 1.1, p. 226]), in particular,

(16) Ip,(w, x)|< const[l/‘/w(x)\/l —x? + 1]

uniformly for -1 < x < 1, n € N. Moreover,

(17) Pu(w, 1) ~ plo*1/2
and
(18) |p(w, =1) |~ nTner¥1/2

uniformly for n € N. (See [13, Corollary 9.34, p. 171].)
(d) If w is a weight function supported in [-1,1] and W is defined by w(x) =
(1 — x?)w(x) then

(1 - xkn(W)z)Pn—l(W’ Xin(W)) = a, p, (W, x;,(w)), a, >0,

for 1 <k <n where a, is independent of k. If log w(cos#) is integrable then
lim a, = 1 and thus

n— o0 n

(19) pn—l(w’ Xpn(W)) ~ (1 - xkn(w)z)pn—l(w’ xkn(w))
uniformly for 1 < k <n and n € N. (See [13, Lemma 9.30, p. 170].) If w € GSJ is
given by (10) and w, is defined by (12) then

— 2
(20) wn(xkn(w))pn—l(w’ Xk"(W)) ~ (l - xkn(w)z)
uniformly for 1 < k < n, n € N. (See [13, Theorem 9.31, p. 170].)

(e) If w is a weight function supported in {-1,1] such that log w(cos @) is
integrable then

(21) 0< lim 27"y, (w) < o0.
n—oc

(See [18, p. 309].)
(f) If w € GJ and [ is a positive integer then

(22) 12, (w, =1)|< const n?|p,(w, =1)|
and
(23) (1/p,(w, =1))""|< const n?|p,(w, =1) !

uniformly for n € N. We can prove (22) and (23) by induction. When / = 1 then
p"("_‘ l)’ = pn(i 1) 2 (tl - 'xkn)—l
k=1
and by (11) inequality (22) holds. Otherwise we write

P =p(x) 3 (x = xi)”

and differentiating this identity / — 1 times we obtain

n

-1 . .
p(=1)" =3 (’_- l)p,.(rl)“"(—l)""'(l— =) 2 (=1 =x,)

j=o\ J k=1



LAGRANGE INTERPOLATION. 111 675

and by (11)
-1 »
|pn(i 1)(”|S const n?! E IP,,(i 1)(.I)|n_2>/~
j=0
so that (22) follows by induction. When / = 1 then
1 ) p(=1)
B (=1 = x,)
(pn(il) pn(il)z p"(_l) 2 k

Thus by (11) inequality (23) holds. For / > 1 we use the identity

w8 i

pn(+1) _,’:0 pn(tl)

( P,,(lil) )”’

and (23) follows by induction.

(g) Let weE GJ and 0 <p < o0. If ¢ is a fixed positive number and v is an
arbitrary, not necessarily integrable, Jacobi weight, then for every polynomial R of
degree at most cn

(24) 2 |R(xn(9)) Po (i (w) Ay ) < comst [ [R(e) Poleole) .
=1
(See [13, Theorem 9.25, p. 168].)
(h) Let w € GJ and 0 < p < 0. If w is given by (10) then for any fixed ¢ > 0 we
define A¥*(c) by

so that by (22)
-1
<constn? Y
Jj=0

m
M) =[-1+em 1 —enNU [tp—en 1y + en'].
k=1

Then there exists a ¢ > 0 such that for every polynomial R of degree at most n
(25) IR 1Pwll; < const]|| R PwlS]I,
where 15, denotes the characteristic function of A%*(c¢). (See Theorem 6.3.28 and
Remark 6.3.29 in [13, p. 120].)
(1) If R is any polynomial of degree at most n then
(26) max|R(x)|< 12 max |R(x)| n=2,3,....

M<1—n"

This follows immediately from Chebyshev’s inequality [12, p. 51] and from the easily
verifiable estimate
T((1-n?)") <12, n=2.3,...,

which holds for the Chebyshev polynomial 7,,.
The Lemma. The following proposition is the key to proving weighted L?
convergence of Lagrange interpolation.
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LEMMA. Let 1 < p < o0, ¢ € GJ and let Q denote the class of functions G such that
|G(x)|< 1 almost everywhere in [-1,1] and G(x) = 0 for x & [-1, 1]. If the function g
satisfies go™' € L¥ and g € LP(log™ L)? then

(27) sup g6 H($G)||, < const[1 + [Ig(1 + ¢~ + log* | gl ]
Gge

where the constant is independent of g.
PRrOOF. First let ¢ ~ 1 in [-1, 1]. If
m =essinf¢p(x) and M = esssuppo(x),

=1 =<1

then
(28) sup |9 H(9G)l|, < m™'M sup ||gH(G )],

GER GeQ
Let y denote the constant in Riesz’s inequality [17, p. 48]
(29) I1H(G)Il, < vqllGll,
which is valid for p < ¢ < oo. In particular, if G € Q then (29) implies
(30) NH(G)I, <vq24, p<g<c.
Let A = 27'y~!p~'e~2. Then we can write

1
[ e (G, )y de= [ |g()H(G, 1) dr
-1 lg(n)<exp{ANH(G. 1)}
l4<1
+ |g(1)H(G, 1) dr
log *|g(N=NH(G . 1)|
[4=1
1 (] N
< [ |H(G, 1) exp{ApH(G, 1)} di + A7 [ |g(1)log" |g(1) |V
-1 -1
s (Ap) n ol
= 3 B2 a6, opae e () log” 15(0) 1P .

k=0
Since k!> (k/e)*, we can apply (30) to obtain

[ 18(0HG. )y a

<23 (pe)lrl(p + k)7 + N"flllg(t)logﬂg(t)ll" dr.
k=0 -

Obviously (p + k)?™ = pP(1 + k/p)? - k*(1 + p/k)* < pPe*k*e? so that
P

23 (Ape)[v(p + k)] 7 k¥ < 2<ype)”A§O(me2)" = 4(ype)’
k=0 =

since Aype? = 27! Thus if G € Q then

(31) IgH(G)ll, < 4'/Pype + 2ype?||glog™ |glll,
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which together with (28) implies (27) when ¢ ~ 1. Now let ¢ € GJ and ¢ not ~ 1.
Then ¢ can be written in the form

/
o(x) = ¢‘|(X)AH |x = ™
(=1

where -1 <y, <y,_, <yysLIy>-landT, #0forl <k < 1and¢,~l
Choose {a,}|"' such thatyk € (aH,, a)for 1 <k <[, (ay., a)N(a;,,a)=

for k #j and [-1,1] C Uk dagi a ] C€[-2,2). Let & be defined by €
= 4 dist[{y,}, {a,}] and let 1, denote the characteristic function of [a,, ,, a,). Then
we can write

! !
(32) g 'H($G) = 3 lkgqb"H(qu 2

k=1 j=1
!

= 2 lkg¢"H(¢Glj) + 2 1,897 H(6G1,_))
k— =2 k=2

=1

+ X 1,89"'H(¢Gl, ) + 2 1,807 'H($G1,)
k=1 =1

=3+ 32+ 2+ 3

Assume that G € Q. We will estimate each sum ' in (32) individually. If |k — j|= 2
then

L(x)H(9G1,, x) = 1,(x) [ ¢(t)G(t)

a4,

so that
| 1ege™'H(9G1,) |<%| legg™ |f o(1) d.
"
Hence we obtain
IS < 1161 6l
and
(33) [, <51z,

Now we turn to estimating 22 in (32). If

I1+1

N=esssupo(t), t€ U J[a,—e a,+e,

then from

1,897 'H(¢G1,_,) = 1k8¢_l[fak+s¢(;)_G(t) dt +/ak—l #(1)6() dt

t apte x —1
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we get
(34)  11,ge"H(6G1 ) I<Ixg9™ || Nlog 7—0 + ¢ f ¢(t)dt]
Let
I+1
L=esssuppo(t)”, te€[-1,1]1Nn () [a, — e, a, + ¢].
k=

Then we obtain from (34)
11,86 H($G1, )< N| 1,867 |log —— 1
k k—1 k |ak — xl lag+y.a,—¢€]

5
TN 1897 log 17—

5 _ 5
< Nlog T11,g¢™ | +NLILegllog 17— liu,-e)

1 _ dy—1
1[a,\—s,uk]+;|lkg¢ llj;A ¢(t)dt

1 _p, [4
tellee [ o) ar

Since obviously

5 )I/Zpl
T =x) o

5
x)log ——— <2 x)|log*|g(x +(
g(x)log 7 < 2plg(x)llog™ [g(x) | + | 2

la, — x|’
-1<sx<1

)

we have the inequality
5,1
11,89 H(9G1,_1)I<| 1,84 I[Nlog P ;qulll] +2NLp|1,glog™ |gl|

+NL5'?P1, |a, — x["/*7log

la, — x|’
Hence
2 B 5 1
(35) |7 <167 ([ Nog 2 + Zigl| + 28Lp 1108”151
1+1
+NL5'/?p a, — x['??lo .
/Z‘ll k | g la, — x|

Observing that the last function on the right-hand side of (35) belongs to L7, and
denoting its L? norm by K, we obtain

2 5 1 _
(36) | 7], <[ w1082 + Luol|ise™, + 2NLplglos 15, + KNLS'/?7.

The sum 33 in (32) can be estimated in exactly the same way as X%, and by doing so
we get

3 5 1 _
(37) |27 <|Nlog=+—li¢ll|lige7'll, + 2NLp|iglog* |glll, + KNL5'/2?.
14 € €
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Now it remains to estimate I in (32). Note that for every k, 1 < k </, we can

represent ¢ in the form ¢(x) = Y (x)|x — y,[** where 1,¢,"' € L* in [-1,1].

Moreover,

(38) 1,8¢7'H(¢G1,) = L, gy 'H(Y,G1y) + lkg‘P/:I[‘Pk‘P_IH(‘PGIk) - H(‘PkG]k)]
= o, + o}

Since 1,y,"' € L® we can apply (31) to conclude that

(39) llogll, < IllktP/Z'IIooIIlklPkllw[4'/”Ype + 2YP6’2I|g10g+|gIII,,]-

In order to estimate o7 in (38) we write it as

Ty
_1 (9% t—y 1
o(x) = L(x)g(x ()™ [ w06 ()| | 7= —llx_,dr.
dg+1
Hence
a ||t —y i 1
40)  |e2|<|1,g¥;' Il ) k- dr.
(@0 Jod ISl el [ 115=50| — ===

Introducing a new variable u = (¢ — y,)|x — y,|"' in the integral and observing that
la 1< 2,|y,|< 1for 1 <k <, we obtain

I )

Ay +1

1
Hx =Yl =12 = Yl

L= Y
X = Vi

— !
dtszf”‘ W U — 1w — 1 du
0
3/2 —
=2f0/|ufk~ 1w~ 1|-'du+2f33/"2‘ Ml = 1w = 1 du

6T 3% |x — y, [T, T, >0,
<2l == X7l ¢
0 6log[3|x — y, '], T <oO.

Substituting this estimate into (40) we get
- 372 _
(41) |02 <1 LB g il - 2 [ 1 = Tl = 1

4] lkglnlkzpkuw{“k_ e, L>0
611,95l log[31x — y, ['], T, <0.
If I', > 0 then (41) implies
(42) lofll p < constljg(1 + ¢')|,, T, >0.
Otherwise we observe that
(43)  |g(x)log[3]x = y,["]
<2p|g(x)llog*|g(x)| + (3/1x = y,[)"*"log[3|x — y, ']

where the second function on the right-hand side of (43) obviously belongs to L”.
Thus by (41)

(44) llo?ll, < const[1 + |Ig(1 + log* |g]l,], T, <O.



680 PAUL NEVAI
Combining (32), (38), (39), (42) and (44) we obtain

(45) | 27| < const[1 +11g(1 + ¢ +10g* 1£)I,]-

Now (27) follows from (32), (33), (36), (37) and (45). The proof of the Lemma has
been completed.

3. Main results.

THEOREM 1. Let w € GSJ and 0 < p < oo. Let v be a not necessarily integrable
Jacobi weight function, and let u be a nonnegative function defined in [-1, 1] such that

u € LP, uv € (Llog* L)?, u/ ywy1 — x* € L” and v|wy/1 — x*> € L. Then for

every bounded function f
(46) sup||L,(w, of )ull, < const] f |,

n=1

with some constant independent of f.

PROOF. First let | < p < 0. Since w € GSJ, we can write w in the form

O O | e R e

where -1 <1t, <t¢,_ | <--- <t <. Let 7 be the set of all indices k for which T,
in (47) is negative and 1 < k < m. For any fixed ¢ > 0 let A,(c) be defined by
(48) Ao =[-1+em21=cen?\NU [ty —en'sty + en'].

keT
n=12,...1f w € GSJ then also w € GSJ where w(x) = (1 — x?)w(x). If 1¢ is the
charactenstlc function of A, (¢) then by (15)

(49) [15(x)p,(w, x)|< const[w(x)ﬁ——?]—l/z, |x|<1,
and

(50) [ 15(x) P (W, x)|< const[w(x)(l —x2)3/2]_|/2, |x|<1.
Our first goal is to prove that for every fixed ¢ > 0

(51) sup||L,(w, of )I5ull, < const|| f||,, for 1 <p < oo.

n=1

In the following we will denote by G, (i = 1,2,...,5) functions which might depend
on n and which have the properties that | G,(x)|< 1 almost everywhere in [-1, 1] and
G,(x) =0for|x|> 1. Then

JIL (o of Y Purty = [L,(w, of )Gy I L, (w, of ) P~ ur
so that by (3)

(52) fILn(W’ vf)l"u”lf, = % 2 }\knpn—](w’ xkn)v(xkn)f(xkn)
k=1

n

fl (W, X)

S x, GOIL O o, )P ()1 (x) dx
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where v, = y,(w), A,,(w) and x,, = x,,(w). Let p, be an arbitrary polynomial of
degree at most n which is positive on A, (¢). If I, is defined by
(53) I, = p, Pa(W)H(G/ | L,(w. of ) P~ 'u1507")

—H(p,(w)G,|L,(w,of )P~ 'u’1s)
then

,,(:) = fl 0,(x)p(w, x) = p,()p(w, 1)

—1 X —1
"G ()| Ly(w, of, x) P 'u(x) 0, (x) ' 15(x) dx

so that IT,, is a polynomial of degree less than 2» and

(0 = [ 22225 G ) 2, (e o, ) P )70 (0) .

1 X T X

Thus we can rewrite (52) as
[o— Y’l" S
fan(W, vf)lpupln - Y l 2 Aknpn—l(w’ xkn)v(xkn)f(xkn)HZn(xkn)‘
n k=1
Applying (1) and (19) we obtain

J 1L w, of ) Purts < constl flle 3 Aot (9 240 ) 1 (1= X2, )0 (x,) 1 T () |
k=1
and by (24)
l ~ ~
J 1L, 0f ) PP, < const o, f 12,1 (9)TT, 0.

Since vywy'1 — x? is integrable, so is vw. Hence by (25) there exists a number ¢ > 0
such thatif 15 =1, ; then

J1L(w, of ) Purts < consti fl, f 17, (#)TL,, | 0915,
Using the definition (53) of II,, we obtain
(54)
J 1L, (v, of Y Pt
< Constllflloo[ J 1202 1(9) 2o (w)p, 091G H(G | L, (w, of ) P~ uPL, 05" |
+ [ 120 (9) oW1 H( p,(w)G | L, (w, of ) P~ uP1; )|

= const| f|l,,[ 1, + L]
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Let us choose the polynomial p, as follows. First pick a positive integer M such that
(1 = x»)M~1/2p(x) = #(x) is continuous in [-1,1]. Let 7 = [n/2 — M] and let p,
be defined by

pu(x) = (1) (1 = x)"A5(5, x)
Then p, is a polynomial of degree 2M + 2(7n — 1) < n and by (13)

(55) p(x)<comstv(x)", |x|<1,
and
(56) p,(x)" <constv(x), |x|<1—cn?,

for every fixed ¢ > 0. Now we are ready to estimate /, in (54). Applying (49), (50),
(55) and (56) we get

1 < const [ [H(G, 1L, (w, of )P wely )|

-1

= constflG3H(Gz|Ln(W, of )P~ 'uPols)
-1

= —constle(G3)GZ|L,,(W, of ) 1P uPol,

-1

< const [ YV H(G,)L,(w, of )* 'our1¢| .

-1

Thus by Holder’s inequality
I, < const| L,(w. of )15ul|2™ | H(Gy ) vu] ..
Now we can apply the Lemma with ¢ = 1 and g = vu to conclude that
1, < constf|L,,(w, of YIul|2~" -[1 + Jou(1 + log* vu)||,]
so that
(57) I, < const||L,(w, of )lqul| 2"
Estimating I, in (54) goes along similar lines. We have by (49) and (50)

I, < const fvw*|H( wi'G,|L,(w, of ) |P_‘u"1§',) |
where w, is defined by w, (x) = yw(x)y1 — x2 . Thus
I, < constf]vw*GSH(w;‘G4|L,,(w, of ) |p"u1’1f,)
——constf ow,Gs )W5'Gy| L, (w, of ) P~ w1
< constj:l |H vw*G5) [wil | L,(w, of )P~ 'uP1¢
so that by Holder’s inequality

1, < const|L,(w, of )15ull2” Jlou(ow,) ™ H(ow,Gs)Il -
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By the conditions vw, € L' so that vw, € GJ and we can apply the Lemma with
‘9 = vw, and g = uv to obtain
I, < const|L,(w, vf)l‘,‘,u||,‘j_'[1 + ||uv(1 +o7'w;' + log* uv)||p].
Consequently,
(58) 1, < const||L,(w, of )1qul|?~".

Substituting (57) and (58) into (54), we see that inequality (51) holds. Our next step
is to show that

(59) sup||L,(w, of )(1 = 1) ull, < const| f]|,

n=1

holds as well for 1 < p < oo and some ¢ > 0. Let us estimate the sum

n
E Akrl'pn—l(w’ xkn) Iv('xkn) =S.
k=1

If W, as earlier, is defined by w(x) = (1 — x?)w(x) then by (19) and (24)
S< const-/:]I | Py (W, x)|o(x)(1 = x?)w(x) dx.
Thus by (16)
s < constfll[l + (W) = 6272 o)1~ xw(x) de
and by the conditions of the theorem we get

n
(60) 2 MnlPumi(w, x4,) [0(X4,,) < const.
k=1

The next sum to be estimated is
(61) 2 )\kn|Pn—1(Wa xkn)lv(xkn)(l - xkn)_l =T
Xkn =€

where 1 > ¢ > 0 is chosen so that ¢, in (47) is less than e. Since v is a Jacobi weight,
we have v(x) = (1 — x)%(1 + x)* for some a and b. Taking the choice of ¢ into
consideration, and using (11), (14) and (20) we obtain

1 pa—
T=< const—n- S —x,m)‘rf’”“ 1/2)/2

Xpn=E
and since 1 — x,, ~ k?/n? by (11), we get

n
T < const n-To—2a—1/2 2 gTot2a—1/2

k=1
Hence
1, Ihb+2a—1/2> -1,
(62) T<const{log(n+1), Ty+2a—1/2=-1,

nlo=2a=1/20 Ty +2a—1/2<-1.
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Now we turn to estimating L, (w, vf, x) for 1 + x,, <2x < 2. By (1) and (3) we
have

1 n
L"(W, Df, X) I< 2”f“oopn(x) —E 2 Aknlpn—l(w’ xkn)lv(xkn)
k=1

+ 2 Aknlpn—l(w’ xkn)lv(xkn)(l _le)-l ’

Xgn=¢€
1+ x,<2x<2.
where ¢ is chosen as in (61). Hence by (15) and (60)—(62)
nlo+1/2 T,+2a—1/2> -1,
|L,(w, of, x)|< const]| f]|.4 n 2¢log(n + 1), Ty+2a—1/2=-1,
plot1/2 4 p=2a T +2a—1/2< -1,

for 1 + x,, < 2x < 2, and consequently
(63)
|L,(w, of, x)|< const]| f]| [n70* /2 + n"2log(n + 1)], 1+ x,<2x<2.

If a > 0 then from (63) we get

|L,(w,of, x)|< const||f||°o[1 + 1/‘/w(x)\/l —x? ], 1+ x,<2x<2,

and thus
64) [ L (w, of, X)u(x)P dx
(l+.V|,,)/2
p
1
< const||f||§,’o'/‘l 1+ ——— u(x)”dx.
(1+x,,)/2 ’w(x) ll _ X2

If a < 0 then by (11) and (63)

|L,(w,of, x)|< const||f||°°[1 + 1/yw(x)y1 — x?2 ] +o(x)log(n + 1)],

1+ x,<2x<2,
and consequently

|L,(w, of, x)u(x)]
< const||f||oo[u(x) +u(x)/\w(x)y1 — x?

+2pu(x)v(x)log* u(x)o(x) + (n + 1)"* log(n + 1)|,

1+ x,<2x<2.
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Hence
(65)

f(' |L,(w, of, x)u(x) P < const| ]I,

1+x,)/2

. j(.l u(x) + SEUC) + 2pu(x)v(x)log” u(x)o(x)| dx

1+x,,)/2 m
+(1 = x,,)27(n + 1) ?(log(n + 1))°

Since by (11), 1 — x,, < const n~?, we obtain from (64) and (65) that
(66) [h L(w,of Yul < const f112
(

1+x,)12

whenever w, v and u satisfy the conditions of the theorem. The inequality

-1 ‘nn 2
(67) ST Ly v, of yup < const 1

can be proved by similar arguments. Now let ¢, be a singularity of w in (47) such that

J € 7 (see (48)), in another words let ¢, be such that the corresponding T, is negative.
We will show that

(68) |L,(w, of, x)|< constl fll,..  |x— 1|<1/n.

Let § >0 be chosen so that ¢, <t —28 <t;+ 28 <t¢,_, with the notation

t,+1 = -1 and 1, = 1. Then by (11) there exist a umformly bounded number of
roots x,,, such that | x — x,,|< 2/nif |x — ¢;|< 1/n. Hence

= xi<2/n b= x4 d<2/n

n 2 (172
S e 3 a3 ”‘

_ 2 A A -1 v — =<
- kn " n X) ’ |x tjl\ l/n’

=X <2/n
and by (13)

(69) 2 ha(x)[<const, |x—t|<1/n.

X=Xl =<2/n

If |x = t;|< 1/n and |x — x,|> 2/n then |1, — x,|< 3|x — x;,|/2. Thus by (1),
(3), (14) and (15)

2 | len(x) |< constn™/27! > 11, = x,, /27

2/n<|x—xp,|<6 2/n<|x—xy,|<8
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We can estimate | ; — x,,,| by (11) we obtain

n r/2-1
> |1, ,(x)|< constn®/271 > (i) )
2/n<|x—xy,|<8 =1 n
Since I‘j < 0, we can conclude that
70 I, (x)|< const, x—t.sl.
kn J
2/n<|x—x;,|<8 ' n
Applying (1), (15) and (60) we see that
() S o) ()< constal/2, [x — 1S

8<L‘._'\.Anl
By the choice of § the function v is uniformly bounded on [#, — 28, ¢, + 28] D [x —
§, x + 8] if |x — ¢;|< 1/n. Because I'; < 0, we obtain from (69)—(71) that (68) holds,
and consequently
(72) L7 Ly, of Yul? < const 112,

= 1/n

Now we choose 1 >¢ >0 so that (-1 +x,,)/2>-1+cn? (1 +x,,)/2<1-—
cn~2. The existence of such a number ¢ is guaranteed by (11). Since 7 in (48) contains
no more than m indices, inequality (59) follows from (66), (67) and (72). For
1 < p < oo the theorem follows from (51) and (59). Now let 0 < p < 1. Define i by

(r=272 -1

Then # < u?/? and u < u?/’(Yywyl — x2)@P/2 5o that i € L?> and

(ywV1 — x? ) ' € L?. Moreover, vi < (vu)?/* and vit < (vu)?/*(log* vu)? =272,
Thus vitlog* vit < (p/2)(vu)?/*(log* vu)?/? so that vit € L*(log™ L)?. Hence we
can apply (46) with p = 2 to obtain

IL,(of )ll, < const| /|l

a:uI—’/2

Since

14
(u™)??/7P < 427/(2_")141’[1 + ( wyl — x? ) + v? + vP(log* vu)?|,
we have ui~' € L2P2~P), By Holder’s inequality
L, (of Yull, <L, (of Yatllolluit™" 112 /2

and consequently, the theorem also follows for 0 <p < 1.

THEOREM 2. Let w € GSJ and 0 < p < oo. Let v be a not necessarily integrable
Jacobi weight function and let u be a measurable nonnegative function in [-1, 1] such
that u is positive on a set with positive measure. Suppose that

(73) sup||L,(w, of Jull, < const] f|l..

n=1
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for every continuous function f vanishing at +1. Thenu € L*, uv € L* and

(74) vywyl — x> el and u/\fwyl — x* €L”.

Moreover, there exists a nonnegative u such that u € L? uo € L?\(Llog™ L)? and
if (74) holds then (73) is not necessarily true for.every continuous function vanishing at

+1,

PROOE. It is obvious that u € L? whenever (73) holds. In order to show that
uv € L? as well as notice that if fv is continuous then by Erdos-Turan’s L? theorem
[6, p. 146]

lim L, (w, of ) = of] wil, =0
so that there exists a subsequence {n,} such that

klim L, (w,of, x) =0v(x)f(x)

for almost every x in [-1, 1]. By (73) sup,. ||, (w, vf )ul|, < const|| f||,, for such a
function fif f(=1) = 0 and by Fatou’s lemma

(75) llofull, < const]| f1|,

whenever fv is continuous and f vanishes at =1. Now we choose a sequence {f}
such that f(=1) =0, | fll, <1, fiv € C[-1,1] and f(x) =~ 1 for every x €
(=1,1). Then by (75) sup;.|| f;oul|, < const and another application of Fatou’s
lemma yields uv € LP. Now suppose that (73) holds but vywy1 — x? is not
integrable. If w is given by (10) and v is defined by v(x) = (1 — x)%(1 + x)?, then
this amounts to eithera + [,/2 + 5/4 <Oorb+ T, ,/2 +5/4<0.Let0<e <1
be chosen so that ¢, < ¢ and —& < t,, where ¢, and ¢,, are given in (10). Then by (11),
(14) and (20)

2 Akn lpn— I(W’ xkn) IU(an)

kanlzs

1 . 1 +To/2+3/4
~n 2 (1 +xkn)h+l‘,,,,|/2+3/4+;1_ 2 (1—x,)" "

Xpn'S —€ Xpn=E€

1 k 2b+I‘m+|+3/2+1 5 2a+T4+3/2
~— 2 bk il

XpnS € Xn=€

«-and since either2b + I, ., + 3/2 < -lor2a + I}, + 3/2 < -1, we have

(76) im X A, P (W, X)) [0(2x4,) = 0.

T e

Let { f,} be a sequence of continuous functions such that f,(+1) = 0, f(x,,) = 0 for
kan |< £ fn(xkn) = “Sign pn—l(w’ xkn) for e < Xkn < 1’ fn('xkn) = Sign Pn— l(w’ xkn)
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for -1 <x,,< —eand|f,(x)|< | for every x in [-1, 1]. Using (3), we have

Y, .
L"(W, Uf;ﬂ .X) = —.Y—I_pn(w’ X) 2 Aknlpn—l(w’ xkn)lv(xkn)('xkn - X) l

n Xpn=e

+ 2 A/(rll}’r,*l(“)* an)lv(xl\n)(x—xkn)_l

Xpp <€
and consequently

lYn 1

(77) |[L,(w,f, v,,x)|>2

|pn(w X)l 2 A/\'rlpn I(W Xl\n)lv(xl\n)

n |\/\UI>F

for | x |< e. Applying (21), (73), (76) and (77) we obtain
lim f | p(w, x)u(x) P dx =0

and by [13, Theorem 4.2.8, p. 42] u(x) = 0 for almost every x in [-¢, ¢]. Lettin
¢ — 1 we see that ¥ must vanish almost everywhere in [~ 1, 1] whenever vywy1 — x?
is not integrable, and this contradicts to the conditions of the theorem. Now assume
that (73) holds whereas u/ ywy1 — x? does not belong to L”. Then [13, Theorem
7.32, p. 138]

lim || p,(w)ull, = oo.
n—oc

Hence we can choose an interval A such that either A = [-1,0] or A = [0, 1] and
(78) lim sup|| p,,(w)uls|l = oo

n—oc
where 1, is the characteristic function of A. Let { f,} be a sequence of continuous
functions such that f(=1)=0, f(x,,) =signp,_,(w, x;,) [l — 15(x,,)] and
If(x)|<1for -1 < x < 1.Then by (3)

Y,—
- lpn(w'x) 2 Aknlpn—l(w* 'xkn)lv(xlm)(x - xkn)
n -\'/\,,QA

Ln(w»vfn’x): o

and therefore

Ynl

|L,,(W,vf,,,X)|>_ Ipn(w .X)l 2 }\knlpn l(w xkn)'v('xl\n)

\’AneA
for x € A. Now we can apply (21), (73) and (78) to obtain

liminf 2 Aknlpn—](w’ xkn)lv(xkn) =0.

-
= x,,&A

Choose an interval A* such that A* N A =0, =1 & A* and if w is defined by (10)
then none of the singularities ¢; of w belong to A*. Then

liminf X A, lp,—(w, x4,) [0(x4,) = 0.

n—oc X,\,,EA*
and by (20) | p,_ (W, x;,) | v(xy,) = const for x,, € A* so that
liminf 3 A,,=0.

n—oc /\‘k,,EA'
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By the quadrature convergence theorem [7, p. §9]

lim 3 AA,,zfyw

MUX €At

-0

so that w(x) =0 for almost every x € A*. This contradiction shows that

and consequently

u/ Vw1 — x¥ must belong to L” whenever (73) is satisfied. In order to prove the
last part of the theorem we assume that if u € L”, uv € L7 and (74) is satisfied then
(73) holds. First we fix an interval, say A, such that =1 & A and if w is defined by
(10) then none of the singularities 7, of w belong to A. We will show that if f is
continuous in [-1, 1] and f is supported in A then

(79) Tim ([L,(w, of ) = of]ul, = 0

if (73) holds. Since vf is continuous in [-1, 1] and vanishes outside A, for every 6 > 0
we can pick a polynomial R such that v(=1)"'R(=1) = 0 and |v(x)f(x) — R(x)|<
dv(x) for -1 < x < 1. Hence by (73)

W[ L,(w.of ) = of]ull, < const{||[ L,(w, of = R)]ull, + [vf — R]ul|,} < const$

if n > deg R. Therefore (79) is indeed true for continuous functions f supported in A
whenever (73) holds. Now let w be an arbitrary L' function supported in A. By the
choice of A, if u =|w|'/” then u € L?, uv € L? and u/ \wy1 — x* € L” so that
by the assumptions made

lim / |L,(w,vf ) — of P = 0
n—oc vA

for every continuous function f supported in A. Thus by the Banach-Steinhaus
theorem there exists a constant K, depending on f but independent of w such that

sup

n=1

fAILn(W,vf)—vfI”w <K,fA|w|

and taking the supremum of the left side over every w with [,|w|= 1 we obtain

(80) sup||L,(w. of ) — of I, < K,

n=1
where the oo-norm is taken over A, and f is an arbitrary continuous function
supported in A. Let Cy(A) be the Banach space of all continuous functions
supported on A such that the norm is defined by the maximum norm. For every
F € Cy(A) there exists a function f such that F = vf and f € Cy(A). Hence (80)
becomes

sup||L,(w, F) — Fll, < o

n=|
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for every F € Cy(A) where the co-norm is taken over A. Thus by the uniform
boundedness theorem [9, p. 26]
(81) sup max |L,(w, F, x)|< const max | F(x)]
n=1 YEA x€A
for every F € Cy(A). Let A, C A and A, C A, be proper closed subintervals of A
and A, respectively. Let x € A, be a root of p,, (w) and let j be the index of that
zero of p,(w) which is closest to x. Then by (11)
(82) |x — x,,|<const|k —j|/n,  x,, €A, kF]J.
Let F € Cy(A) be chosen so that F(x,,) = 0, F(x,,) = 0 for x,,, € A\A,, F(x,,) =
sign p,_(w, x,, (x — x, )] for x,, € A, and | F(z)|< | for t € A. Then by (3)
Yn—
Ln( w, F’ X) = Y—Ip"(W, x) 2 }\knlpn—l(w* xl\'n)(x - 'xkn) |

n X EQ
k#j

-1

and by (14), (20), (21) and (82)
|L,(w, F,x)|=const 3 |k—j["

a €4
k#j

Since by (11) the number of zeros x,, in A, is greater than const - n, we obtain
(83) |L,(w, F, x)|= const - log n.
Substituting (83) into (81) we get log n < const and since n can be as large as we

wish, we see that (73) cannot be true for every u satisfying u € L?, uo € L? and
(74). The proof of the theorem has been completed.

THEOREM 3. Let w, v, u and p satisfy the conditions of Theorem 1. Suppose that
(84) lim [|[L,(w, v) — v]u||, = 0.

Then for every continuous function f in [-1, 1] we also have
(85) lim [ L,(w, of ) = ef]ull, = 0.

PrROOF. By Theorem 1 we have to show that (85) holds when f is a polynomial. By
linearity we can assume that f is of the form f(x) = x’ where / is a nonnegative
integer. Since we assume that (84) holds, we only have to prove (85) for /= 1. If
f(x)=x',1=1, then

L(w,of ) = of = L,(w,0of ) = fL,(w,v) + f{L,(w, v) — v]
and by (84) formula (85) holds if

(36) i ([, of ) = /L, (o, 0)]ull, = 0.

Hence our goal is to prove (86). We have

n

L,(w,of, x) = f(x)L,(w, 0, x) = E_}l [xtn = *To (i) lin(w, x)

1—1 n
= - 2 xl_]_j z (‘x - xkn)xlj(nv(xkn)lkn(w’ X).
Jj=0 k=1
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Applying (3) we get
(87)

p"(W, .X) 2 xl{nv(xkn)pn~l(w’ xkn))\kn‘
k=1

2 (X - xkn)xl{nv(xkn)lkn(w* X) = Yoo
k=1 n

Thus by (1), (16) and (87)

1

(88) |IL,(w,vf) —fL,(w,v)] ul|, < const - |||1 + ——— |u
Ywyl — x?
P
max 2 XI{nv(xkn)pn*l(w’ xkn)}\kn
Osj<i=1|,=)
so that (86) holds if
(89) lim E xl{nv(xkn)pn—l(w’ xkn)>\kn = 0* J = O’ ]" s
n—oc ;o

Let 0 <& < 1 be chosen so that all the singularities 7, of w in (10) belong to [, €]. If
R is an arbitrary polynomial and n > deg R + 1 then by the Gauss-Jacobi quadra-
ture formula

2 R(X4 ) Ppr(W, X0 )Ny, = 0.
k=1

Let 1, be the characteristic function of [—¢, €]. Then

n
2 ls(xkn)xl{nv(xkn)pn— (W, X)) A,
k=1

= lél [ls(xkn)xl{nv(xkn) - R(xkn)] Pai (W, X4 ) A

Applying Cauchy’s inequality we obtain

" 2
(90) 2 le(xkn)xl{nv(xkn)pn—l(w’ Xpn )N kn
k=1

<

M=

. Akn 2 [le(xkn)xl{nv(xkn) - R(xkn)]zpn—l(w7 xkn)2>\kn'
1 k=1

By the Gauss-Jacobi quadrature formula
2 Ay = 1wl
k=1

Since [1,x/v — R]? is Riemann integrable, by [13, Theorem 4.2.3, p. 39] the second
sum on the right side of (90) converges as n — oo, and evaluating its limit by the



692 PAUL NEVAI

same theorem we obtain

5

n

2 15(xkrr)xirtv(xkrr)prz—l(w’ xl\'n)A/\n
k=1

lim sup
n— o0

< 2, [ 100 (0) — RO T

and taking the infimum on the right side here with respect to R we get

n

(91) lim 2 ]t('xkrl)x;rzv(xkrl)prr— I(W* xkn))\kn = O’ j = 0' 1*' R

[ A

We have

2 X'I{,"U(Xk")p",l(W, ‘x/\‘n)Alxn < 2 U(XA,,)IP,, l(w’xl\n)lxl\n

AV EdS Nxul=
and by (14) and (20)
(92)
2 .’C/{"U(X,‘.")P”,,I(W, xkn)Akn < const 2 U(an)\/'jw(x/\n) (l - 'X‘.l.:-n)z/4
'.\'/\,,lzf n |-“An|>€

Since v is a Jacobi weight, w behaves like a Jacobi weight on [-1,-¢] U [, 1] and

vywyl — x? € L', there exists a number 8 > —1 such that
— 3/4 8,2
U(Xk,,) W(xkn) (1 - xl%n) < COHSI(] - X/‘\ln)

and by (11)

3/4 (k/n)s* Xkn = -,
(93) o(x)w(xy,) (1= x2,)"" < const

(n+1=k)/n)’.,  x,<-e

Also by (11)if x,, = ethen 1 < k <constyl —&* -nandifx,, < —ethen 1 <n +
1 — k < constyl — ¢* - n. Thus by (92) and (93)
< const(8 + 1)7'(1 — ¢2)®" "2,

(94) E x,{,,v(xk,,)p,,_,(w, xkn)}\kn

|-‘Ak n| =¢

Combining (91) and (94) we obtain

n

2 xinv(xkn)Pn— I( w, xkn)Akn
k=1

lim sup < const(8 + 1)7'(1 — 2)®" 12

n—oc

and letting € — 1 formula (89) follows and so does (86).

THEOREM 4. Let w € GSJ and 0 <p < co0. Let v be a not necessarily integrable
rational Jacobi weight function, and let u be a nonnegative function supported in [-1, 1]
Junction su

such thatu € L?, uv € L?, u/ \w/1 — x* € L? and vywy1 — x> € L'. Then
(95) lim |[[Z,(w, v) = o]u||, = 0.
n—oc
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PROOF. Let v(x) = (1 — x)%1 + x)” where a and b are integers. If a =0 and
b =0 then v is a polynomial and thus (95) holds. If @ <0 and b =0 then we
proceed as follows. Choosing n > b we see that

(1= x)“[L,(w. 0. x) = o(x)]
is a polynomial of degree —a + n — 1 vanishing at the zeros of p,(w, x). Hence there
exists a polynomial R_, | of degree —a — 1 such that

(1= ) “[L,(w, 0. x) = 0(x)] = p,(w, )R, ().
The polynomial R _,_, can explictly be determined by dividing both sides by p,(w),
expanding them in powers of (x — 1) and noticing than (1 — x) “L,(w, v, x) has a
zero at 1 with multiplicity at least —a. Proceeding this way we obtain

(96)
—a—1 b 1)
L(w.v.x)—o(x)=(1—x)"p(w,x) 3 (_])H»l% (1+71)
1=0 :

pa(w. 1) (1=x).

=1

If w is given by (10) then, since vywy'1 — x? € L', wehave§ = 2a + I, + 5/2 > 0.
Let € be chosen so that ¢, < e < 1 where ¢, is defined in (10). Since ¢ < -1, I}, must
be greater than —1/2 and thus by (15),

1p,(w, x)| (1 = x)" < const (1 — x)l/\/w(x)\,l -x*, esxs<l]l,

[=0,1,...,a — 1. Applying (26) we obtain

(97) |p,(w, x)] (1 — x)" < const n‘z’/\/w(l — n7?)yn"? <const p2*To*1/2,

esx<|

[=0,1,...,—a — 1. It follows from (17) and (23) that

1+’

pa(w, 1)

)
20-Ty—1/2

(98) < const n

=1
for/=0,1,...,—a — 1. Combining (96)—(98) we get
(99) |L,(w,v,x) —v(x)|<constv(x), es<x<I.

For -1 < x < ¢ we can apply (16), (96) and (98) to obtain

(100) |L,(w,v,x)—ov(x)|< const[l/\/w(x)yl —-x* + l]n‘s, ~-1<x<eg,

where § > 0. Now (95) follows immediately from (99) and (100). If a >0 and » <0
then we can use similar arguments to prove (95). If both a and b are negative, then
v™'[L,(w, v) — v] is a polynomial of degree -a — b + n — 1 which vanishes at zeros
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of p,(w). Using the Hermite interpolation formula we obtain

(101)
-a—1 b ()
Ly(w,0,5) = o(x) = (1 =)0, 5) 3 (- N ;'(“’) (1-x)
-b—1 a1
— (1 +x)'p,(w, x) /2 l' ,(D:(wtt)) I=_,(l +x).

Choosing ¢ so that t;, <e <1 and -1 < -¢ <¢,, (see (10)) we get that both (97) and
(98) hold and by similar arguments we obtain

(102) 12(w, x) (1 + x)' < const n2¥Tmei 172 1< x < —,
and
()
(103) (1( tt); <const n¥ Tmeim1/2 1< x< ¢,
paw .

for /=0,1,...,-b — 1. Since vywy1 — x? & L' we get that both § = 2a + T, +

5/2and 6, =2b+ T, ., + 5/2 are positive. Now from (97), (98) and (101)-(103)

we obtain
rv(x)+n“31/\/w_ J1—x2, e<x<l,
|L,(w,v, x) — v(x)|< const (] + V\W Vl‘xz)("'a + n~%),

o(x) +n7?/Yyw(x)Y1 —x?, —1<x<

and the theorem follows again.

THEOREM 5. Let w € GSJ, 0 < p < 00 and let v be a not necessarily integrable
Jacobi weight, say v(x) = (1 — x)%(1 + x)" for | x|< 1. Let v* be a rational Jacobi
weight defined by v*(x) = (1 — x)!*(1 + x)!*) for |x|< 1. If u is a nonnegative
function supported in [-1,1] and u € L?, uvo* € (Llog® L)?, u/ yw/1 — x2 € L?

and v*m € L' then
(104) lim ([ L,(w, of ) = of]ull, = 0
holds for every continuous function f in [-1, 1].
PROOF. By Theorems 3 and 4 we have
(105) lim [[[L,(w, 0*F) = o*F]ul| = 0

for every F € C[-1,1] and by the construction of v* the function F = v(v*)"'f is
continuous whenever f is continuous. Thus (104) holds by (105).
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THEOREM 6. Let w € GSJ, 0 < p < o0, and let r and s be nonnegative integers. Let
u be a nonnegative function defined in [-1,1] such that u € (Llog* L)” and u is
positive on a set with positive measure. Let L{*)(w, ) be the quasi-Lagrange
interpolating polynomial defined by (5)—(8) and let v(x) = (1 — x)™"(1 + x)~*. Then

(106) liml|[ L (w, £) = flull, =0,  Vfe C[-1,1],
holds if and only if

(107) vywyl —x* €L' and u/ (DVW\/] — x? ) EL”.

Moreover, there exists a nonnegative u such that u € L”\(Llog* L?) and (107) does
not imply (106).

PROOF. We start with writing L{"*)(w, f) in the form

(108) Ly (w, f) = o'L(w, of ) + f(1)Q + f(-1)R
where

3 s r—1 /1 1 (N ,
(109) Q(x) =(1+x) p,,(w,X)EO(—l) i D0t ,=1(1 — x)
and
(110) R(x)=(1—x)'p, 1v (1 +x)'.

If either r or s equals O then the corresponding polynomial Q or R is identically 0.
(108)—(110) follow immediately from (5)-(8). If (106) holds then by the uniform
boundedness principle [13, p. 182]

(111) sup|| Ly (w, f)ull, < const|| f]|.,

n=1

for every f € C[-1, 1], in particular, if f(=1) = 0. Thus by (108)
sup||L,(w, vf )o~'u||, < const|| f,,

n=1
for every continuous function f vanishing at +1. Applying Theorem 2 we see that
conditions (107) are satisfied. Conversely, if (107) holds then by Theorem 5

(112) nlin;H[L,,(w, oF ) — oF]v™'u||, = 0
for every F € C[-1,1]. For f € C[-1, 1] let P be any fixed polynomial satisfying
P()V |, = ()8, O0<j<r—1,
and
P() | f(-1)8,;, O<j<s—1.
Ifr+s+n—1=degP then
S, = v 'L(w,(f = P)o) + P — LG (w, f)
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is a polynomial of degree r + s + n — 1 satisfying
Sn(xkn(w)):()s l <k<n,
Sn(t)(j)l :O~ 0<j<r— 1.

=1

and

SO ]-, =0, 0<j<s—1,

r=-1
so that S, is identically 0. Thus
L"(w, f)=0o"'L,(w,(f— P)v) + P
and if Fis defined by F = f — P then
Ly w, f) = f=v'[L(w,vF) — vF].

Hence by (112), (106) is true for every f € C[-1, 1]. Now we turn to the last part of
the theorem. Suppose that for every nonnegative u € L” satisfying (107), (106)
holds. Then (111) holds as well, and by (108)

(113) sup||L,(w. vf Jo™'u|| , < const|| f]| .

n=l

is satisfied for every continuous function f vanishing at =1. But according to
Theorem 2, (113) fails for some u € L? and some f € ¢[-1, 1] with f(=1) = 0. This
shows that (106) cannot be true for every u € L7 when (107) holds.

Partial cases of Theorem 6 have been proved in [1, 2,5, 6, 10, 11, 14 and 19].

Even though it is unlikely that uv must belong to (Llog™ L)? whenever (73) holds
for every continuous function f, the following theorem demonstrates that this, in
fact, is not too far from the truth.

THEOREM 7. Let w € GSJ and 0 < p < oo. Suppose that either

(114) 0< l_im]w(x)\/l —x? <o
or
(115) 0< 1imI w(x)y1 — x? < o0

holds. Then there exists a nonnegative function u with support in [-1,1] such that
u/ ywyl —x2 € L? and u € LP(log™ L)? for every q < p and nevertheless

(116) sup sup ||L,(w, f)ull, = oo.
n=1 | flle <1
fec

PROOF. Assume without loss of generality that (114) holds. Pick & such that
0 <e<1and

(117) wx)y1 —x2~1, esx<]I

is satisfied. Let 1, be the characteristic function of [, 1]. Define u by

(118)  w(x) = 1,(x)(1 — x)""7|log(1 — x) [ ~"/7|log|log(1 — x)]'/*.
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Then u € L” so that by (117) u/ \/wm € L7 as well. If g < p then, since
(log* u(x))? < const1,(x)|log(l — x)l, |x|<1,
we have
u(x)”(log* u(x))? < const1,(x)(1 — x)™"|log(1 — x)[#7"" |log|log(1 — x)||
and hence u € L?(log* L)% Now choose ¢ > 0 such that 1 — cn™? > $(1 + x,,(w))

holds for every n € N. This can be accomplished by (11). If » is large enough then
f] |u(x)|”dx>constloglognfI
l 2

Z(l —x) ' log(1 — x)[? "dx
—n I—cn~
= constloglogn - (logn)™,

and consequently

(119) sup(logn)"f] lu(x)|P dx = 0.

n=1 1—cn?
For every n pick a continuous function f, such that f,(x,,) = sign p,_,(w, x,,) for
e<xy, <1, f(x,) =0forx, <eand|f(x)|< 1 for|x|< I. Then

L(w, fiox)= 2 |hu(w,x)|, 1-en?<x<I,

XinE

and by (3), (11), (14), (20) and (21)

(120) L,(w, f,, x)=constlognp,(w, x), 1—cn?<x<Il.
The next step is to show that

(121) p(w,x)=const, 1—cn?<x<]l.

We have

pn(W,X) fl X 7 Xyp ﬁ ( 1 —x ) " ( l_xln )

P X (i s (1 e

pl](w’l) k=1 1 - xlm k=1 1 - xk k=1 2(1 - Xkll)
l—cen?<x<l,

since | — cn™? = (1 + x,,,). But log(1 — x) = -2x for 0 < x < {. Thus

-xy) S ]

k=1 1 ~ Xkn

n

pwvx)

Pu(w, 1)

= exp[- (1 = x, )P, (w, )P, (w, )], 1 —en?<x<1.
Now (121) follows from (11), (17) and (22). We obtain from (120) and (121) that

/I |L,,(w,f,,)u|”>const(lo;.3,n)”fl |ul?
1—cn? 2

I—cn™

and by (119) we see that (116) holds when u is defined by (118).
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